INTRODUCTION
Let N denote the set of all natural numbers. For a subset S of N the quantity 6(S)= lim $Sn (1,2 ,..., N).(, N + ,L, where 1.1 stands for the cardinality, is called the (asymptotic) density of S if the limit exists. Let 9 denote the collection of all subsets of N which admit the density. Then the triple (N, 9, 6) may be regarded as an analogue of a probability space. Some problems of additive number theory were discussed by M. Kac [S, 6) from this viewpoint.
The main purpose of this paper is to discuss the density along with permutation groups. Let aut(N) be the group of all permutations of N. The set CC?= gEaut(N); lim I ,{I <n<N;g(n)>N)I =0 N-r N forms a subgroup of aut(N) and is called the L&y group after T. Hida [3] . The density is shown to be invariant under the Levy group. Thus, the system (N, 9, S; '9) is the main object of study in this paper. We first show that the density is ergodic under the Levy group (Theorem 1). Next we give a characterization of the density by means of the invariance under the Levy group (Theorems 2 and 3).  288  DENSITY AND THE LkVYGRoUP   289 The Appendix contains a characterization of the Levy group in terms of functionals on sequences. As an application we shall prove that any permutation of the Levy group preserves the property of uniform distribution of sequences. This result is closely related to the work of J. von Neumann [ 141.
The Levy group, originally introduced by P. Levy [9, Part III], has been studied in [ 1 l-131 in connection with certain problems of functional analysis. where 1. I denotes the cardinality. These are alled the upper and lower (asymptotic) density of S, respectively. If the two are equal, we refer to their common value as the (asymptotic) density of S and denote it by 6(S). We denote by 9 the collection of all subsets of N which admit the density. The triple (N, 9, 6) is an analogue of a probability space but not quite. In fact, one should note that 9 is not finitely additive. Nevertheless, we have the following PROPOSITION 1.1. Zf SE Y, then s' E 9 and 6( SC) = 1 -6(S). (ii) S,nSZEY-;
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(iii) S, -SZ E 9;
(iv) S,-S,Ep-.
If one of the four conditions is satisfied, we have 6(S, u S,) = 6(S,) + d(S,) -6(S, n S,).
The proofs of the above results are quite simple and are omitted. The next result, which might be intuitively apparent and well known, is of great importance to our goal. Obviously, the group of all finite permutations, denoted by G,, , is a proper subgroup of 9&.
For g E aut(N) we put FL(g)= {l dndN;g(n)>N).
It is shown that the set becomes a subgroup of aut(N). Following T. Hida [3] we call 9 the L&u? group. The next result was proved in [ 111. Therefore, g E $9 whenever lim, _ ,r N,/N, , = 1. Remark 2.3. From the above example it follows that g0 is a proper subgroup of 59. Furthermore, it may be shown that 9 is a proper subgroup of Y (6) and that ?JO is a normal subgroup of C!? (6) . 
THE MAIN RESULTS
In the previous sections we have shown that the density 6 is an analogue of a probability measure on N which is invariant under the Levy group 3. From this point of view we shall give two noticeable facts which correspond to the well-known properties of invariant measures on a homogeneous space.
The following result means that the density is ergodic under the Levy group. THEOREM 1. Assume that A E 9 is almost invariant under the LPvy group, i.e.,
&A @g(A))=0
for all g E 9,
\+#lere 0 denotes the symmetric dzifference. Then 6(A) = 0 or 1. ProojI We show the assertion by contradiction. Suppose that 0~ 6(A) < 1. Replacing A with A" in the case of $<6(A) < 1, we may assume that 0 < 6(A) < f. With the help of Propositions 1.3 and 2.5 we take a subset B c A" such that 6(B) = 6(A) and a permutation g E c?? such that g(A) = B. then we have Next we show that 6(A) d y(A) for any A E 3. If 6(A) = 0 the assertion is obvious, so we assume that 6(A) > 0. Take a sequence {r, ) ,'-= , of rational numbers such that 0 <r, < rz < ... --t 6(A). With the help of Proposition 1.3, for each n 3 1 we choose a subset A,, E 9 such that A, c A and 6(A,,) = r,,. From the result of the previous paragraph it follows that where the last inequality follows from condition (i) and the non-negativity of y. Hence, 6(A) < y(A) as desired.
In order to prove the final assertion we have only to note that y( A') = I-y(A)foranyA~p.
Q.E.D.
Finally we discuss a possibility of weakening the assumption in the above statement. Let .$ be the field generated by 9; namely, g is the smallest family of subsets of N which includes 9 and contains the complement of each of its members and the union of each finite collection of its members. Note that 9 is stable under 3. In fact, g$ is a field including 9, namely, gc@ 19. Since g E 9 is arbitrary, we have gg = 4.
Following [ 1, Chap. III] we recall some standard notions. A real-valued function p defined on the field 9 is called finitely additive if p(A u B) = p(A) + p(B) for any pair A, BE 9 with A n B= 0. Let p be a finitely additive function defined on 9. For every A E 5 the total variation of ,u on A, denoted by 1~1 (A), is defined as
where the supremum is taken over all partitions of A into finitely many subsets {A, ) c 4. We say that the function p is of bounded variation if 1~1 (N) < OJ. It is known that 1~1 is a non-negative, finitely additive function if p is of bounded variation. for every g E 9. Hence, using Weyl's theorem again, we conclude that the rearranged sequence gx is uniformly distributed. Q.E.D.
